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An Integral Inequality

11918 [2016, 613]. Proposed by Phu Cuong Le Van, College of Education, Hue University,
Hue City, Vietnam. Let f be n times continuously differentiable on [0, 1], with f (1/2) = 0
and f (i)(1/2) = 0 when i is even and at most n. Prove(∫ 1

0
f (x) dx

)2

≤ 1

(2n+ 1)22n(n!)2

∫ 1

0
( f (n)(x))2 dx.

Solution by Patrick J. Fitzsimmons, University of California, San Diego, La Jolla, CA. Let
F be an antiderivative of f . Using Taylor’s theorem with remainder in integral form, we
expand F in powers of t − 1/2 to obtain

F (t ) = F (1/2) +
n−1∑
k=0

f (k)(1/2)

(k + 1)!

(
t − 1

2

)k+1

+
∫ t

1/2

f (n)(x)

n!
(t − x)ndx

for any t in [0, 1]. In particular, with t = 1,∫ 1

1/2
f (x) dx =

n−1∑
k=0

f (k)(1/2)

(k + 1)!

(
1

2

)k+1

+
∫ 1

1/2

f (n)(x)

n!
(1 − x)ndx,

and with t = 0,∫ 1/2

0
f (x) dx = −

n−1∑
k=1

f (k)(1/2)

(k + 1)!

(
−1

2

)k+1

+
∫ 1/2

0

f (n)(x)

n!
(−x)ndx.

When we add these, the terms for odd k cancel, while the terms for even k vanish by hy-
pothesis. It follows that ∫ 1

0
f (x) dx =

∫ 1

0
g(x) f (n)(x) dx,

where

g(x) =
{
(−x)n/n! when 0 ≤ x ≤ 1/2;
(1 − x)n/n! when 1/2 ≤ x ≤ 1.

Now the desired inequality follows from the Cauchy–Schwarz inequality, because∫ 1

0
g(x)2 dx =

∫ 1/2

0

x2n

(n!)2
dx+

∫ 1

1/2

(1 − x)2n

(n!)2
dx = 1

(2n+ 1)22n(n!)2
.
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