
so we must show

R2 − 2rR ≤ R2(1 − 4 sin2 φ)

cos2 φ
.

This is equivalent to(
1 − 2r

R

)
cos2 φ ≤ 1 − 4 sin2 φ = −3 + 4 cos2 φ,

which simplifies to cot2 φ ≥ (3R)/(2r). Since cotφ = (a2 + b2 + c2)/(4
), by (∗) this in-
equality is in turn equivalent to (a2 + b2 + c2)2 ≥ 3abc(a+ b+ c). Finally, this follows
from the root-mean-square–arithmetic-mean inequality

a2 + b2 + c2

3
≥
(
a+ b+ c

3

)2

and the ordinary AM–GM inequality. Equality holds if and only if a = b = c, as before.

Also solved by M. Bataille (France), E. Bojaxhiu (Albania) & E. Hysnelaj (Australia), R. Boukhar-
fane (France), R. Chapman (U. K.), I. Dimitric, S. Hitotumatu (Japan), B. Karaivanov (U. S. A.) &
T. Vassilev (Canada), O. Kouba (Syria), M. Lukarevski (Macedonia), J. Minkus, R. Nandan, P. Nüesch
(Switzerland), A. Stadler (Switzerland), N. Stanciu & T. Zvonaru (Romania), R. Stong, T. Wiandt,
Z. Vörös (Hungary), M. Vowe (Switzerland), J. Zacharias, GCHQ Problem Solving Group (U. K.), and the
proposer.

An Arctangent Series

11932 [2016, 831]. Proposed by Hideyuki Ohtsuka, Saitama, Japan. Let r be an integer.
Prove

∞∑
n=−∞

arctan

(
sinh r

cosh n

)
= πr.

Solution by M. Bello, M. Benito, Ó. Ciaurri, E. Fernández, and L. Roncal, Logroño, Spain.
It suffices to prove the result for r > 0, because the functions sinh and arctan are odd, and
the case r = 0 is easy. Using the identity

arctan

(
x− y

1 + xy

)
= arctan x− arctan y,

we obtain

arctan

(
sinh r

cosh n

)
= arctan

e−(n−r) − e−(n+r)

1 + e−2n
= arctan e−(n−r) − arctan e−(n+r).

Let bn = arctan(e−(n+r) ), and let S be the sum to be evaluated. We have

S− arctan(sinh r) = 2
∞∑
n=1

arctan

(
sinh r

cosh n

)
= 2 lim

N→∞

N∑
n=1

(bn−2r − bn)

= 2
2r∑
n=1

bn−2r − 2 lim
N→∞

N+2r∑
n=N+1

bn−2r = 2
2r∑
n=1

bn−2r.

Using the identity arctan z+ arctan z−1 = π/2 for z > 0, we deduce
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2r∑
n=1

bn−2r =
r∑

n=1

arctan
(
e−(n−r))+

2r∑
n=r+1

arctan
(
e−(n−r))

=
r−1∑
m=1

(
arctan(em) + arctan(e−m)

)+ arctan(1) + arctan(e−r )

= π

2
(r − 1) + π

4
+ arctan(e−r ).

Substituting this sum into S, we obtain

S = arctan(er ) − arctan(e−r ) + 2
(π

2
(r − 1) + π

4
+ arctan(e−r )

)
= π

2
+ π (r − 1) + π

2
= πr.

Also solved by A. Berhane (Algeria), R. Boukaharfane (France), P. Bracken, R. Chapman (U. K.), H. Chen,
P. P. Dályay (Hungary), R. Dutta (India), L. Glasser, J. Grzesik, A. Harnist (France), E. Ionascu, W. Johnson,
B. Karaivanov (U. S. A.) & T. S. Vassilev (Canada), K. Kolczyńska-Przybycień (Poland), K. Koo (China),
O. Kouba (Syria), P.Magli (Italy), R.Molinari, R. Nandan,M. Omarjee (France), Á. Plaza (Spain),M. A. Prasad
(India), N. Singer, A. Stadler (Switzerland), R. Stong, R. Tauraso (Italy), C. Vălean (Romania), G. Vidiani
(France), M. Vowe (Switzerland), J. Zacharias, GCHQ Problem Solving Group (U. K.), NSA Problems Group,
and the proposer.

A Lower Bound for a Product of Integrals

11933 [2016, 832]. Proposed by José M. Pacheco and Ángel Plaza, University of Las Pal-
mas de Gran Canaria, Spain. For positive integer n, let Hn = ∑n

k=1 1/k. Prove∫ 1

0

1

x+ 1
dx ·

∫ 1

0

x+ 1

x2 + x+ 1
dx · · ·

∫ 1

0

xn−2 + · · · + x+ 1

xn−1 + · · · + x+ 1
dx ≥ 1

Hn
.

Solution by Travis D. Cunningham, Bellamy Creek Correctional Facility, Ionia, MI. Put
fk(x) = xk + · · · + x+ 1, noting that fk(x) > 0 on [0, 1]. By the generalized Hölder in-
equality, we obtain

1 =
(∫ 1

0

(
1

f1(x)
· f1(x)
f2(x)

· · · fn−2(x)

fn−1(x)
· fn−1(x)

)1/n

dx

)n

≤
∫ 1

0

1

f1(x)
dx ·

∫ 1

0

f1(x)

f2(x)
dx · · ·

∫ 1

0

fn−2(x)

fn−1(x)
dx ·

∫ 1

0
fn−1(x) dx.

Since ∫ 1

0
fn−1(x) dx = Hn,

this yields the desired inequality.

Solution II by Nicholas C. Singer, Annandale, VA. It is easily seen by induction that
Hk+1 ≤ 1 + k/2. Let fk(x) = 1 + x+ · · · + xk as in the previous solution. For k ≥ 1,
apply the arithmetic-mean–geometric-mean inequality to 1, x, x2, . . . , xk to obtain

fk(x)

k + 1
≥ (1 · x · x2 · · · xk )1/(k+1) = xk/2.

Thus,
xk

fk(x)
≤ xk/2

k + 1
,
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