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Generalized Navier—Stokes equations

Let Q = RY, d e {2,3}, open connected polyhedral with Lipschitz
boundary 052.

Generalized Navier—Stokes problem: Find (u, p) such that
—V.o(\.Vau)+ u-Vu+Vp=f inQ
V-u=0 inQ,

u=0 onoQ,

Jp=0.
Q

» Force f:Q — R?
» Velocity u: Q — R?
» Pressure p: Q2 —> R

» Viscosity law o : Q x R?*? — Rdxd
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Generalized Navier—Stokes equations

Let = R4, d € {2, 3}, open connected polyhedral with Lipschitz
boundary 0f2.
Generalized Navier—Stokes problem: Find (u, p) such that
V.o, Vau)+ u-V)x(,u)+ Vp=f inQ,
V-u=0 inQ,
u=0 onoQ,

Jp=0.
Q

» Force f:Q — R?

» Velocity u: Q — R?

» Pressure p: Q2 — R

» Viscosity law o :  x R¥xd — Rd*xd

» Convection law x : Q x RY — R?¢ Idea!
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Assumptions on the viscosity law o

For all m € (1, 00), we define its conjugate exponent m’ = 2.

mn—11
Assumption. (Viscosity law)
There exists r € (1,0), 6 € L'(2, [0, +0)) and oy, onm € (0, +0) s.t.
o (-, 7) is measurable and o (x, 0) € L (Q, R*%),
r=2
lo(x,7) — o(x,M)lixa < e (6(%)" + [Tlaxa + [Mlaxa) ™ |7 = Mlaxa,
=2

(o, 7) = o(e,m): (T = 1) = 0w (6)" + [7[ixa + Mlixa) ™ |7 = Mlixa,

for all 7, € R¢*4 and a.e. x € Q.
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Assumptions on the convection law x

For all m € (1, 00), we define its singular exponent i = min(m, 2).

Assumption. (Convection law)

There exists s € (1,00) and xpc € (0, +0) s.t.
x(-,w) is measurable and x(x,0) = 0,
X (e, w) = x(6,9)] < xne (W] + )T [w — [T,

(0 D) = (o) W = 2) XL T

W®X('7w) = X(',W) w.

forallv,w e R? and a.e. x € Q.
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Weak formulation

Assume f e L” (Q)".
Weak formulation: Find (u,p) € U x P such that

a(u,v) + c(u,v) + b(v,p) = f fv  WwelU=Ww" Q)9
Q

—b(u,q) =0 Vg e Pi= Ly (Q),
where,

a(w,v) = JQ o(-,Vw): Vw,
bea) == [ (Vv
c(w,v) = %Lz(x(-,w) -V)w-v— %Jﬂ(x(-,w) -Vv-w

+ ﬂj u(X(-,w) “V)w - w.
Q

N
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Weak formulation

Assume f e L” (Q)".
Weak formulation: Find (u, p) € U x P such that

a(u,v) + c(u,v) + b(v,p) = J fv  WwelU=Ww"(Q)°
Q
—~b(u,q) = 0 Vg e P =Ly (9),
where,

a(w,v) — JQ o( VW) : Vv,
ba) == [ (V0.
)= 5 | o) Owev =5 | (xw) - ew

s=2(v-w
), W(X(nw) “Vw-w.
Non-dissipativity: ¢(w,w) =0 for allw € U.
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Discrete weak formulation

Discrete weak formulation: Find (u,,ps) € U, , x P such that

ay,(uy,, vy) + cn(wy, v,) +bu(vy, pr) = J fovn Wy, eU,,
Q

_bh(ghv f]h) =0 vq}l € Pl};v
where,

an(wy,v,) = L o, Gf,hih) : Glg,hKh + sn (W, ¥,
by (v qn) == — JQ D}y, qns

1 k 1 k
ch(wy,vy,) = 5 Q(X('7Wh) “Gj)wy, vy — v Q(X(',Wh) -Gy, - W

s—2 V- Wp k
Vh Wh o (. CGEYw, - w.
+ s J;z |wh|2 (X( 7wh) h)mh Wh

Non-dissipativity: c,(w,,w,) = 0 for all w, € U*.
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Lid-driven cavity problem

(0,1) uy =1lup =0 (1,1)
=) o
Il [l
g g
I Il
s s
(070) uy :u2:0 (170)

With a moderate Reynolds number Re = 1000, we set for all 7 € RI*4,

r=2 _
o(t) = g(1+7lig) 77 and x(w) = w|"?w.
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Lid-driven cavity problem

We set s = 2 and we vary r.

r=% r=2 r=3
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Lid-driven cavity problem

We set s = 2 and we vary r.

r=% r=2 r=3

Viscous effects increase with r!
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Lid-driven cavity problem

We set r = 3 and we vary s.

=3 = =2
§ =3 s=2 §=3
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Lid-driven cavity problem

We set r = 2 and we vary s.

_3 - )
s=3 s=2 s=3

Turbulent effects increase with s!
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Main results

oo At < d
For all m € [1, 0], we define its Sobolev exponent m* := {dm P
o0 ifm>d

Main results. (Well-posedness, convergence and error estimates)

» Existence: There exist solutions to the weak and discrete weak
formulations for all r,s € (1, ).

» Uniqueness: Assuming 2 < s < ’r—* and a data smallness condition
yields the uniqueness of the solutions.

. . P .
» Convergence: Assuming s < “ yields convergence results to min-
imal regularity solutions.

» Error estimate: Assuming r < 2 < s < 7, uniqueness of the solu-
tions, and additional regularity yields error estimates.
Convergence rates in [(k + 1)(r — 1),k + 1] for the velocity, and
[(k+ 1)(r— 1), (k+ 1)(r — 1)] for the pressure, according to 4.
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Thank you for your attention!
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