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Generalized Navier–Stokes equations

Let Ω Ă Rd, d P t2, 3u, open connected polyhedral with Lipschitz
boundary BΩ.

Generalized Navier–Stokes problem: Find pu, pq such that

´∇¨ σp¨,∇suq ` pu ¨∇qu`∇p “ f in Ω,

∇ ¨ u “ 0 in Ω,

u “ 0 on BΩ,
ż

Ω

p “ 0.

§ Force f : Ω Ñ Rd

§ Velocity u : Ω Ñ Rd

§ Pressure p : Ω Ñ R

§ Viscosity law σ : Ωˆ Rdˆd
s Ñ Rdˆd

s
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´∇¨ σp¨,∇suq ` pu ¨∇qχp¨,uq `∇p “ f in Ω,
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§ Convection law χ : Ωˆ Rd Ñ Rd Idea!
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Assumptions on the viscosity law σ

For all m P p1,8q, we define its conjugate exponent m1 “ m
m´1 .

Assumption. (Viscosity law)

There exists r P p1,8q, δ P LrpΩ, r0,`8qq and σhc, σhm P p0,`8q s.t.

σp¨, τ q is measurable and σpx, 0q P Lr1
pΩ,Rdˆd

s q,

|σpx, τ q ´ σpx,ηq|dˆd ď σhc pδpxqr ` |τ |rdˆd ` |η|
r
dˆdq

r´2
r |τ ´ η|dˆd,

pσpx, τ q ´ σpx,ηqq :pτ ´ ηq ě σhm pδpxqr ` |τ |rdˆd ` |η|
r
dˆdq

r´2
r |τ ´ η|2dˆd,

for all τ ,η P Rdˆd
s and a.e. x P Ω.
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Assumptions on the convection law χ

For all m P p1,8q, we define its singular exponent m̃ “ minpm, 2q.

Assumption. (Convection law)

There exists s P p1,8q and χhc P p0,`8q s.t.

χp¨,wq is measurable and χpx, 0q “ 0,

|χpx,wq ´ χpx, vq| ď χhc p|w|s ` |v|sq
s ˜́s

s |w´ v|s̃´1,

pw ¨∇qχp¨,wq “ pχp¨,wq ¨∇qw` ps´ 2q
pχp¨,wq ¨∇qw ¨ w

|w|2
w,

wb χp¨,wq “ χp¨,wq b w.

for all v,w P Rd and a.e. x P Ω.
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Weak formulation

Assume f P Lr1pΩqd.
Weak formulation: Find pu, pq P U ˆ P such that

apu, vq ` cpu, vq ` bpv, pq “
ż

Ω

f ¨ v @v P U – W1,r
0 pΩq

d,

´bpu, qq “ 0 @q P P – Lr1
0 pΩq,

where,

apw, vq–
ż

Ω

σp¨,∇swq : ∇sv,

bpv, qq– ´

ż

Ω

p∇ ¨ vqq,

cpw, vq–
1
s

ż

Ω

pχp¨,wq ¨∇qw ¨ v´ 1
s1

ż

Ω

pχp¨,wq ¨∇qv ¨ w

`
s´ 2

s

ż

Ω

v ¨ w
|w|2

pχp¨,wq ¨∇qw ¨ w.
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Non-dissipativity: cpw,wq “ 0 for all w P U.
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Discrete weak formulation

Discrete weak formulation: Find puh, phq P Uk
h,0 ˆ Pk

h such that

ahpuh, vhq ` chpuh, vhq ` bhpvh, phq “

ż

Ω

f ¨ vh @vh P Uk
h,0,

´bhpuh, qhq “ 0 @qh P Pk
h,

where,

ahpwh, vhq–

ż

Ω

σp¨,Gk
s,hwhq : Gk

s,hvh ` shpwh, vhq,

bhpvh, qhq :“ ´

ż

Ω

Dk
hvh qh,

chpwh, vhq–
1
s

ż

Ω

pχp¨,whq ¨Gk
hqwh ¨ vh ´

1
s1

ż

Ω

pχp¨,whq ¨Gk
hqvh ¨ wh

`
s´ 2

s

ż

Ω

vh ¨ wh

|wh|
2 pχp¨,whq ¨Gk

hqwh ¨ wh.

Non-dissipativity: chpwh,whq “ 0 for all wh P Uk
h.
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Lid-driven cavity problem

u1 “ 1, u2 “ 0

u 1
“

u 2
“

0

u1 “ u2 “ 0

u 1
“

u 2
“

0

p0, 0q p1, 0q

p0, 1q p1, 1q

With a moderate Reynolds number Re “ 1000, we set for all τ P Rdˆd
s ,

σpτ q “ 2
Re p1` |τ |

r
dˆdq

r´2
r τ and χpwq “ |w|s´2w.
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Lid-driven cavity problem

We set s “ 2 and we vary r.

r “ 3
2 r “ 2 r “ 3
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Lid-driven cavity problem

We set s “ 2 and we vary r.

r “ 3
2 r “ 2 r “ 3

Viscous effects increase with r!
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Lid-driven cavity problem

We set r “ 5
2 and we vary s.

s “ 3
2 s “ 2 s “ 9

2
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Lid-driven cavity problem

We set r “ 5
2 and we vary s.

s “ 3
2 s “ 2 s “ 9

2

Turbulent effects increase with s!
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Main results

For all m P r1,8s, we define its Sobolev exponent m˚ :“

"

dm
d´m if m ă d

8 if m ě d
.

Main results. (Well-posedness, convergence and error estimates)

§ Existence: There exist solutions to the weak and discrete weak
formulations for all r, s P p1,8q.

§ Uniqueness: Assuming 2 ď s ď r̃˚
r̃1 and a data smallness condition

yields the uniqueness of the solutions.

§ Convergence: Assuming s ă r˚
r1 yields convergence results to min-

imal regularity solutions.

§ Error estimate: Assuming r ď 2 ď s ď r˚
r1 , uniqueness of the solu-

tions, and additional regularity yields error estimates.
Convergence rates in rpk ` 1qpr ´ 1q, k ` 1s for the velocity, and
rpk ` 1qpr ´ 1q2, pk ` 1qpr ´ 1qs for the pressure, according to δ.

9/10



Thank you for your attention!
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