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The Hybrid High-Order method

Hybrid High-Order
(HHO)

Hybrid: two kinds of unknowns located on the mesh and its skeleton.

High-Order: the unknowns live in broken polynomial spaces of
degree k P N.
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General features

This approach possesses several attractive features:

§ Arbitrary approximation order (k ě 0).

§ Formulation valid for arbitrary space dimension.

§ Seamless treatment of nonconforming mesh refinement.

§ Moderate computational costs thanks to static condensation.

§ Inf-sup stable discretizations.
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Newtonian and non-Newtonian fluids

We can distinguish fluids according to their viscosity:

§ Newtonian: viscosity is constant with increased stress (e.g. air,
water).

§ non-Newtonian:

§ Pseudoplastic (shear thinning): viscosity decreases with
increased stress (e.g. blood, honey).

§ Dilatant (shear thickening): viscosity increases with
increased stress (e.g. oobleck, quicksand).

8/32



Newtonian fluid

We characterize the movement of a fluid with a strain-stress function

σ : Ωˆ Rdˆd
s Ñ Rdˆd

s

where Rdˆd
s – tτ P Rdˆd : τ T “ τ u, d P t2, 3u.

§ A Newtonian fluid is one for which the law σ is linear.

§ For the non-Newtonian fluids, several laws model them:

§ Power-law
§ Carreau–Yasuda
§ Yeleswarapu
§ Quemada
§ Cross
§ ...
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Power-law
A power-law fluid is one for which σ is such that,

σpτ q “ µ|τ |r´2
dˆdτ @τ P Rdˆd

s ,

where µ ą 0 is the flow consistency index and r ą 1 is the flow
behavior index.

§ If r ă 2, the fluid is pseudoplastic (shear thinning).
§ If r “ 2, the fluid is Newtonian.
§ If r ą 2, the fluid is dilatant (shear thickening).

Dilatant

Pseudoplastic

Newtonian

viscosity

shear stress
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The steady generalized Stokes problem
Let Ω Ă Rd denote a bounded, connected polyhedral open set with
Lipschitz boundary BΩ.
The steady generalized Stokes problem reads: Find u and p such that

´∇¨ σp¨,∇suq `∇p “ f in Ω,

∇ ¨ u “ 0 in Ω,

u “ 0 on BΩ,
ż

Ω

p “ 0,

where,
§ f : Ω Ñ Rd is the force applied on the fluid,

§ u : Ω Ñ Rd is the velocity of the fluid and ∇su –
∇u`∇Tu

2
,

§ p : Ω Ñ R is the pressure of the fluid,

§ σ : Ωˆ Rdˆd
s Ñ Rdˆd

s is the strain-stress law of the fluid.
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Assumptions on σ - power-framed function

Assumption. (power-framed)

There exists r P p1,`8q such that:

§ σ : Ωˆ Rdˆd
s Ñ Rdˆd

s is measurable,

§ σp¨, 0q P Lr1pΩ,Rdˆd
s q a.e. in Ω where r1 – r

r´1 ,

§ σ is r-power-framed: defining the singular exponent of r by

r̃ – minpr, 2q,

there is σde, σhc, σsm P R` ˆ R`˚ ˆ R`˚ s.t.

|σpx, τ q ´ σpx,ηq|dˆd ď σhc pσ
r
de ` |τ |

r
dˆd ` |η|

r
dˆdq

r ˜́r
r |τ ´ η|r̃´1

dˆd,

pσpx, τ q ´ σpx,ηqq :pτ ´ ηq ě σsm pσ
r
de ` |τ |

r
dˆd ` |η|

r
dˆdq

r̃´2
r |τ ´ η|r`2 ˜́r

dˆd ,

for all τ ,η P Rdˆd
s and a.e. x P Ω.
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Weak formulation

Assuming f P Lr1pΩ,Rdq, we define

§ U – W1,r
0 pΩ,Rdq “

 

v P W1,rpΩ,Rdq : v|BΩ “ 0
(

,

§ P – Lr1
0 pΩ,Rq “

!

q P Lr1pΩ,Rq :
ş

Ω
q “ 0

)

.

The weak formulation of the Stokes problem reads:
Find pu, pq P U ˆ P such that

apu, vq ` bpv, pq “
ż

Ω

f ¨ v @v P U,

´bpu, qq “ 0 @q P P,

where, for all v,w P U and all q P P,

apw, vq–
ż

Ω

σp¨,∇swq : ∇sv,

bpv, qq– ´

ż

Ω

p∇ ¨ vqq.
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Mesh and notations
Let h P p0,`8q. We define a mesh of Ω as a couple pTh,Fhq such that

§ Th is a finite collection of polyhedral elements T with diameter hT ,
§ Fh is a finite collection of planar faces F with diameter hF,
§

Ť

TPTh
T “ Ω and maxTPTh hT “ h,

§ pTh,Fhq satisfies some geometrical requirements...

We also define the following subsets of Fh:
§ Fb

h – tF P Fh : F Ă BΩu,
§ FT – tF P Fh : F Ă BTu for all T P Th.
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Discrete spaces and notations
Let k ě 1 be the polynomial degree of the HHO method.

§ For all T P Th, we define the discrete local space:

Uk
T – PkpT,Rdq ˆ

˜

ź

FPFT

PkpF,Rdq

¸

.

We use the discrete notation vT – pvT , pvFqFPFT q P Uk
T .

§ We define the discrete global space:

Uk
h –

ź

TPTh

Uk
T .

We use the discrete notation vh – pvTqTPTh P Uk
h.

§ We define the interpolation operator Ik
h : W1,1pΩ,Rdq Ñ Uk

h s.t.

Ik
hv :“ pπk

Tv|T , pπ
k
Fv|F qFPFT qTPTh .
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Spaces and norms of discrete unknowns

§ The discrete space containing velocity unknowns is defined by

Uk
h,0 –

 

vh P Uk
h : vF “ 0 @F P Fb

h

(

.

We endow Uk
h,0 with the semi-norm }¨}ε,r,h defined by

}vh}
r
ε,r,h –

ÿ

TPTh

˜

}∇svT}
r
LrpT,Rdˆdq `

ÿ

FPFT

h1´r
F }vF ´ vT}

r
LrpF,Rdq

¸

.

§ The discrete space containing pressure unknowns is defined by

Pk
h –

!

qh P Lr1
0 pΩ,Rq : pqhq|T P P

kpT,Rq @T P Th

)

.

We endow Pk
h with the norm }¨}Lr1 pΩ,Rq.
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Korn and discrete Korn inequalities

The regularity of Ω yields the following Korn inequality:

}v}W1,rpΩ,Rdq À }∇sv}LrpΩ,Rdˆdq @v P W1,r
0 pΩ,R

dq.

Theorem. (discrete Korn inequality)

It holds, with hidden constant depending only on Ω, d, k, ρ and r,

}vh}W1,rpTh,Rdq À }vh}ε,r,h @vh P Uk
h,0,

As a consequence, }¨}ε,r,h is a norm on Uk
h,0.

Hilbertian case r “ 2 ù see [Botti, Di Pietro, Guglielmana; 2019]
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Discrete operators
For all T P Th, we define:

§ the discrete local symmetric gradient Gk
s,T : Uk

T ÝÑ PkpT,Rdˆd
s q

such that, for all vT P Uk
T ,

ż

T
Gk

s,TvT : τ “

ż

T
∇svT : τ`

ÿ

FPFT

ż

F
pvF´vTq¨pτnTFq @τ P PkpT,Rdˆd

s q.

§ the discrete local divergence Dk
T : Uk

T ÝÑ PkpT,Rq as the trace
of the discrete gradient operator: Dk

T “ trpGk
s,Tq.

The global versions of these operators are defined by: for all vh P Uk
h,

pGk
s,hvhq|T – Gk

s,TvT @T P Th,

pDk
hvhq|T – Dk

TvT @T P Th.
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Discrete weak formulation

The discrete weak formulation reads: Find puh, phq P Uk
h,0 ˆ Pk

h s.t.

ahpuh, vhq ` bhpvh, phq “

ż

Ω

f ¨ vh @vh P Uk
h,0,

´bhpuh, qhq “ 0 @qh P Pk
h,

where, for all wh, vh P Uk
h and qh P Pk

h,

§ ahpwh, vhq–

ż

Ω

σp¨,Gk
s,hwhq : Gk

s,hvh ` shpwh, vhq,

§ bhpvh, qhq– ´

ż

Ω

Dk
hvh qh.

and where sh is a classic HHO stabilization function satisfying a
power-framed assumption similar to that of σ.
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Assumptions on sh

Assumption. (Stabilization function sh)

§ For all vh P Uk
h, shpvh, ¨q is linear.

§ Polynomial consistency. For all vh P Uk
h and w P Pk`1pT,Rdq,

sTpIk
Tw, vTq “ 0.

§ Stability and boundedness. For all vh P Uk
h,

}Gk
s,hvh}

r
LrpΩ,Rdˆdq ` shpvh, vhq » }vh}

r
ε,r,h.

§ r-power-framed. For all uh, vh,wh P Uk
h with eh – uh ´ wh,

|shpuh, vhq ´ shpwh, vhq| À pshpuh, uhq ` shpwh,whqq
r ˜́r

r shpeh, ehq
r̃´1

r shpvh, vhq
1
r ,

shpuh, ehq ´ shpwh, ehq Á pshpuh, uhq ` shpwh,whqq
r̃´2

r shpeh, ehq
r`2 ˜́r

r .
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Properties of ah

Lemma. (Properties of ah)

§ Hölder continuity. For all uh, vh,wh P Uk
h, setting eh – uh ´ wh,

|ahpuh, vhq ´ ahpwh, vhq| À σhc
`

σr
de ` }uh}

r
ε,r,h ` }wh}

r
ε,r,h

˘
r ˜́r

r }eh}
r̃´1
ε,r,h}vh}ε,r,h.

§ Strong monotonicity. For all uh, vh,wh P Uk
h, setting eh – uh ´ wh,

ahpuh, ehq ´ ahpwh, ehq Á σsm
`

σr
de ` }uh}

r
ε,r,h ` }wh}

r
ε,r,h

˘
2 ˜́r

r }eh}
r`2 ˜́r
ε,r,h .
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Properties of bh

Lemma. (Properties of bh)

§ Inf-sup stability. For all qh P Pk
h,

}qh}Lr1 pΩ,Rq À sup
vhPUk

h,0,}vh}ε,r,h“1
bhpvh, qhq.

§ Fortin operator. For all v P W1,rpΩ,Rdq,

}Ik
hv}ε,r,h À |v|W1,rpΩ,Rdq,

bhpIk
hv, qhq “ bpv, qhq @qh P PkpTh,Rq.
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Well-posedness and a priori bounds

Theorem. (Well-posedness and a priori bounds)

There exists a unique solution puh, phq P Uk
h,0 ˆ Pk

h to the discrete
weak formulation. Additionally, the following a priori bounds hold:

}uh}ε,r,h À

´

σ´1
sm }f}Lr1 pΩ,Rdq

¯
1

r´1
`

´

σ2 ˜́r
de σ´1

sm }f}Lr1 pΩ,Rdq

¯
1

r`1 ˜́r
,

}ph}Lr1 pΩ,Rq À σhc

˜

σ´1
sm }f}Lr1 pΩ,Rdq

` σ
|r´2|p̃r´1q
de

´

σ´1
sm }f}Lr1 pΩ,Rdq

¯

r̃´1
r`1 ˜́r

¸

.

25/32



Error estimate

Theorem. (Error estimate)

Let pu, pq P U ˆ P and puh, phq P Uk
h,0 ˆ Pk

h solve the continuous and
discrete weak formulations, respectively. Assume also

§ u P Wk`2,rpTh,Rdq,

§ σp¨,∇suq P W1,r1pΩ,Rdˆd
s q XWpk`1qp̃r´1q,r1pTh,Rdˆd

s q,

§ p P W1,r1pΩ,Rq XWpk`1qp̃r´1q,r1pTh,Rq.

Then,
}uh ´ Ik

hu}ε,r,h À C1h
pk`1qp̃r´1q

r`1 ˜́r ,

}ph ´ π
k
hp}Lr1 pΩ,Rq À C2h

pk`1qp̃r´1q2

r`1 ˜́r ,

where C1,C2 P r0,`8q depend only on u,p,f ,σhc,σsm, and σde.
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Asymptotic convergence rates
Asymptotic convergence rates:

Ovel –
pk ` 1qpr̃ ´ 1q

r ` 1´ r̃
“

$

&

%

pk ` 1qpr ´ 1q if r ă 2

k ` 1
r ´ 1

if r ě 2
,

Opre –
pk ` 1qpr̃ ´ 1q2

r ` 1´ r̃
“

$

&

%

pk ` 1qpr ´ 1q2 if r ă 2

k ` 1
r ´ 1

if r ě 2
.

r

Ovel

2

k ` 1

Opre

1
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Numerical results 2D

SpaFEDTe library (2D and 3D)

§ We consider Ω “ p0, 1q2 and the following three mesh families.

Cartesian distorted triangular distorted Cartesian

§ For a well chosen f , the exact velocity u and pressure p are
given such that for all px, yq P Ω,

upx, yq “
`

sin
`

π
2 x
˘

cos
`

π
2 y
˘

,´ cos
`

π
2 x
˘

sin
`

π
2 y
˘˘

,

ppx, yq “ sin
`

π
2 x
˘

sin
`

π
2 y
˘

´ 4
π2 .
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Numerical results 2D
Results for k “ 1 and r ď 2, so Ovel “ 2pr ´ 1q and Opre “ 2pr ´ 1q2.
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Numerical results 2D
Results for k “ 1 and r ě 2, so Ovel “ Opre “

2
r´1 .
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Next steps

Next steps:
§ In-depth analysis of the asymptotic convergence rates.

§ Look for convergence by compactness.

§ Extend the analysis to the Navier–Stokes equations.

§ Moving to rheopecty and thixotropic fluids: r evolves over time.
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Thank you very much for your attention!
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