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1. The Hybrid High-Order method
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The Hybrid High-Order method

Hybrid High-Order
(HHO)

Hybrid: two kinds of unknowns located on the mesh and its skeleton.

High-Order: the unknowns live in broken polynomial spaces of
degree k € N.
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General features

This approach possesses several attractive features:

v

Arbitrary approximation order (k = 0).

v

Formulation valid for arbitrary space dimension.

v

Seamless treatment of nonconforming mesh refinement.

v

Moderate computational costs thanks to static condensation.

v

Inf-sup stable discretizations.
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2. Newtonian and non-Newtonian fluids

7/32



Newtonian and non-Newtonian fluids

We can distinguish fluids according to their viscosity:
» Newtonian: viscosity is constant with increased stress (e.g. air,
water).
» non-Newtonian:

» Pseudoplastic (shear thinning): viscosity decreases with
increased stress (e.g. blood, honey).

» Dilatant (shear thickening): viscosity increases with
increased stress (e.g. oobleck, quicksand).
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Newtonian fluid

We characterize the movement of a fluid with a strain-stress function
o Q x R, Raxd

where R4 .= {7 e R4 . T = 7}, d e {2,3}.

» A Newtonian fluid is one for which the law o is linear.

» For the non-Newtonian fluids, several laws model them:

> Power-law
» Carreau—Yasuda
> Yeleswarapu
» Quemada
» Cross

>
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Power-law

A power-law fluid is one for which o is such that,
o(t) = M\TL’&fJT V1 e RI*4,

where 1 > 0 is the flow consistency index and r > 1 is the flow
behavior index.

» If r < 2, the fluid is pseudoplastic (shear thinning).
» If r = 2, the fluid is Newtonian.
> If r > 2, the fluid is dilatant (shear thickening).

A

shear stress Dilatant Newtonian

Pseudoplastic

viscosity
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3. The Stokes equations
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The steady generalized Stokes problem

Let Q < R? denote a bounded, connected polyhedral open set with
Lipschitz boundary 0f2.

The steady generalized Stokes problem reads: Find u and p such that
—V.o(.Va)+Vp=f inQ,
V-u=0 1inQ,
u=0 onoQ,

JP:Q
Q

» f:Q — R?is the force applied on the fluid,

where,

. . . Vu+ V'
» u:Q — R?is the velocity of the fluid and Vu = %
» p:Q — Ris the pressure of the fluid,

> 0 :Q x R — RI* jg the strain-stress law of the fluid.
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Assumptions on o - power-framed function

Assumption. (power-framed)

There exists r € (1, +0o0) such that:
» o Q) x R4 RI*d jg measurable,

» o(-,0) e L” (Q,R¥*) a.e. in Q where 7/ = -

r—1°?

» o is r-power-framed: defining the singular exponent of r by
F = min(r,2),
there is oge, Ohe, osm € RT x Rf x RY s.t.
(e, 7) — 0, M)t < e (0% + [Tl + Ilina) ™ |7 — ik

=2 .
(o, 7) —ax,n): (T =) = owm 0k + |Tlixa + Mlixa) ~ |7 —nliks

for all 7, e R¥*¢ and a.e. x € (.
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Weak formulation

Assuming f € L (Q,R9), we define

> U = Wé’r(Q,Rd) = {v € Wl’r(QaRd) : vlasz = 0}’
> P=Ly(QR) = {61 eL'(OR) : foq= O}'

The weak formulation of the Stokes problem reads:
Find (u,p) € U x P such that

a(u,v)+b(v,p)=ff~v YweU,
Q

—b(u,q) =0 Yq € P,
where, for allv,w e U and all g € P,

a(w,v) = L o(-,Vw): Vy,

bvg) == | (T-v)g
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4. Discretization with the HHO method
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Mesh and notations

Let # € (0,+00). We define a mesh of  as a couple (7, F,) such that
> Ty is a finite collection of polyhedral elements T with diameter 7,

F,, is a finite collection of planar faces F with diameter /.,

> Urer, T = Q and maxyeT; hy = h,

v

v

(Tn, F1n) satisfies some geometrical requirements...
We also define the following subsets of F:

> ]:,?:z{FEFh . Fc o0},

» Fr={FeJF, : FcoT}forall TeT,.

b
‘Fh
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Discrete spaces and notations

Let k > 1 be the polynomial degree of the HHO method.

» Forall T € 7,, we define the discrete local space:

= PX(T,RY) x (ﬂWFM>

FG]'-I

We use the discrete notation v, == (vr, (v¢)rer,) € Uk.

» We define the discrete global space:

=[] ur

TeTh

We use the discrete notation v, := (v;)re7;, € Q’;.

» We define the interpolation operator I} : Wh1(Q,RY) — Ut s.t.

lﬁv = (Tr];"v"l" (ﬂ];?v|l<')Fe.7'—T)TE771'
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Spaces and norms of discrete unknowns

» The discrete space containing velocity unknowns is defined by
Q];;,o = {y, eUs - vi=0 VFe Fp}.

We endow Uj , with the semi-norm |-|..,, defined by

[wallZ rn = Z <|str|1r_r(T,Rdxd) + Z " ve — VTZr(F,Rd)> :

TeT;, FeFr

» The discrete space containing pressure unknowns is defined by
Pk {q,, e Ly (UR) : (qu), € PX(T,R) VT e T,,} .

We endow P}, with the norm |- ¢, -
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Korn and discrete Korn inequalities

The regularity of 2 yields the following Korn inequality:

Lr(€,Rdxd) Vv e Wé’r(Q,Rd).

Wlwirr)y < [Vsp

Theorem. (discrete Korn inequality)

It holds, with hidden constant depending only on Q. d, k, p and r,
Ivalwir ez ey < [llers Vo, € Upy,

As a consequence, |-

|e.r,n is @ nOrm on Uy .

Hilbertian case r = 2 ~~» see [Botti, Di Pietro, Guglielmana; 2019]
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Discrete operators

For all T € 7, we define:

> the discrete local symmetric gradient G ; : Uy — P¥(T, R¢*4)
such that, for all v, € U,

f Gf,TKT iT = f Vr: T+ Z (ve—vy)-(Tngr) Y1 e PK(T,RI*9).
T T Fer, JF

» the discrete local divergence D& : Uk — PX(T, R) as the trace
of the discrete gradient operator: D% = tr(G];T).

The global versions of these operators are defined by: for all vy, € Q’;L,
(GE ), = GEwy VT ET,

(DllftEh)H = Dl;“KT VT € 7;l
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Discrete weak formulation

The discrete weak formulation reads: Find (u,, p;) € Q’;’O x Pk st

ah(ﬂhvzh) + b/7(zhaph) = J f *Vh th € Ql;l,()?
Q
—by(uy, qn) = 0 Vg € P},

where, for all w,, v, € U} and g, € Pk,
k k
> ap(wy,,v,) = f o (-, Gsawp) G vy + sn(wy, v),
Q

> bu(vy,,qn) = —J D]fth Gh-
Q

and where s, is a classic HHO stabilization function satisfying a
power-framed assumption similar to that of o
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Assumptions on s,

Assumption. (Stabilization function s;,)

> Forall v, € U}, s,(v,, ) is linear.

» Polynomial consistency. For all v, € U} and w € P*+!(T, RY),
sT(Il}w,KT) =0.

» Stability and boundedness. For all v, € Uf,

k
HGs,hEhHZV(Q,]RdW) + 8n (v, vp) = HEh|§,r,h-

> r-power-framed. For all w,,v,,w,c U} with e, == u, — w,,

= P 1
Isn @y, v,) — su(wy,, )1 < (sumy,m,) + sn(wy,w,)) 7 suley,e,) ™ sa(v,,2,)7,
F—2 r42-7
su(Uy,e,) — sn(wy,e,) 2 (sn(wy, wy,) +su(wy,,w,)) ™ suley,,e,) *

22/32



Properties of a,

Lemma. (Properties of a;)

» Holder continuity. For all u,,v,,w, € U}, setting e, = u,, — w,,

=
Jan (24, v,) — an (w3, v,)| < e (0 + [y 12+ 1w 1200) 7 Nyl le, e

> Strong monotonicity. For all u,,v,,w, € Uy, setting e, == u, — w,,

27 9, s
an(u,,e,) — a(w,,¢,) 2 osm (06 + w2 rn + w2 00) 7 len|2hin
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Properties of b,

Lemma. (Properties of by,)

> Inf-sup stability. For all g, € P¥,

lgnll o) = sup by (¥4, Gn)-

E;,EQ?WHK/,”E,r,h:I
» Fortin operator. For all v € W' (Q, R9),

Hll;zv le,rn S |V|W':f(ﬂ,]Rd),
bu(Ly, qn) = b(v.qn)  VYgn € P(Th, R).
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Well-posedness and a priori bounds

Theorem. (Well-posedness and a priori bounds)

There exists a unique solution (u,,p;) € Q’;,O x Pk to the discrete
weak formulation. Additionally, the following a priori bounds hold:

1 1
—1 = 2—F _—1 =7
e S (s Wl )~ + (08 0w Wl )

F—1
—1 —2|(F—1 —1 =7
Pl o.2) S e ( Wl + o6 (ol om0 ) |
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Error estimate

Theorem. (Error estimate)

Let (u,p) € U x P and (u,,,py) € Q’Z,o x P solve the continuous and
discrete weak formulations, respectively. Assume also

> ue W (T, RY),
( V. u) e wh r (Q Rdxd) A WErD(FE-1), (7- Rdxd)
’pGW“(QR)mW(k'H(rl (771 )

Then G
’ luy, — Xul., s < Ch* T

(1) F—1)2
L’ (Q R) 2h r+1—7r

lpn — Thp
where Cy, C; € [0, +00) depend only on u,pf,0hc,05m, and oge.
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Asymptotic convergence rates

Asymptotic convergence rates:
— I 2
o k+ D) —1) B k+1)(r—1) ifr<
el S T T k+1
r—1

(k+1)(r—1)2 ifr<2

_(k+1)(F-1)2
Opre'_ r+17; - k+1

r—1

k+ 14
Ovel

Opre

ifr>2 "

ifr>2
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Numerical results 2D
SpaFEDTe library (2D and 3D)

» We consider Q2 = (0, 1)? and the following three mesh families.

Cartesian distorted triangular distorted Cartesian

» For a well chosen f, the exact velocity u and pressure p are
given such that for all (x,y) € ©,

jus

u(x,y) = (sin(Zx) cos(%y) ,—cos(%x) sin(%y)) ,
p(x,y) = sin(%x) sin(Zy) — %.
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Numerical results 2D

Results for k = 1 and r < 2, s0 Oy = 2(r — 1) and Opye = 2(r — 1)%.

e,r.h

lu, — L

lpn — TFI;;I’HU’(Q,R)

‘+r =15=r=175+r= 2‘

1072 E
[ ] 10-2 ]
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[ ] Lo .
32 107* 324 32
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L 7 4 ] 1075 1
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E 1073
L T 10 ]
. 1074 2
2 98] 1077 s o
L 12 1”2 112
| ! | 107¢ E | ! 10 | ! |
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Cartesian distorted triangular distorted Cartesian
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Numerical results 2D

Results for k = 1 and r = 2, 50 Oye = Opre =

o

lu, — L

P — TFI;;I’HU’(Q,R)

[\S]

r—

[fer=225%r=25+r=275]

1071 El
[ ) 1o ]
1072 ¢ E|
L ] 102 ]
1074 El
E L ! L i L L ! L o L ! L
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r : —  F : 3 10-1 : :
L 1072 110
E 4107 103
8/5 8/5
E ﬁgg’ 1074 % 9 104 % 4
i L ! L ] 107 7\ L ! \7 107 L ! L
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Next steps

Next steps:
» In-depth analysis of the asymptotic convergence rates.

» Look for convergence by compactness.
» Extend the analysis to the Navier—Stokes equations.

» Moving to rheopecty and thixotropic fluids: r evolves over time.
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Thank you very much for your attention!
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