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1. The Hybrid High-Order method
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The Hybrid High-Order method

Hybrid High-Order

Hybrid: two kinds of unknowns located on the mesh and its skeleton.

High-Order: the unknowns live in broken polynomial spaces of
degree k € N.
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General features

This approach possesses several attractive features:

> Arbitrary approximation order (k = 0).

v

Formulation valid for arbitrary space dimension.

» Seamless treatment of nonconforming mesh refinement.

v

Moderate computational costs thanks to static condensation.

v

Inf-sup stable discretizations.
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2. The Leray—Lions problem
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The Leray—Lions problem

Let Q — R?, d e N*, denote a bounded, connected polytopal open set
with Lipschitz boundary 092.

The Leray—Lions problem reads: Find u : 2 — R such that

—V-o(,Vu)=f inQ,
u=0 on 09,

where,
» u: Q) — Ris the potential,
> f:Q — Ris a volumetric force term,

» o:Q xR — RY s the flux function.

Applications: glaciology, airfoil design, turbulent porous media
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Assumptions on the flux function o

Assumption. (Flux function)

There exists p € (1,2] such that:
» o :Q xR - R4 is measurable.
> o(-,0) € I/ () ae. in Q where p/ = 2q.

» Thereis § € L7(R,[0,+00)) and on, osm € (0, +00) such that
p—2
lo(x,7) —ox,n)| < on (O(x) + [+ |nf") 7 |7 —nl,

(0(x,7) = o(®,m): (T = 1) > 0w (OF) + |7 + ") 7 ?

|_na

forall 7,n e R? and a.e. x € Q.
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Examples of flux function

The following flux functions satisfy the previous assumption:

» The p-Laplace function s.t. for all 7 € R? and a.e. x € Q,
o(x,7) = |T]P>T.
» The Carreau-Yasuda function s.t. for all 7 € R? and a.e. x € ,
p—2
o, 7) = ) (30 + 170 T 7,

where 1 : Q — [p—,pr]anda: Q — [a_,a; ] are measurable
functions with 1, iy, a_, a4 € (0,+00).
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Weak formulation

Assuming f € I’ (Q), the weak formulation of the Leray—Lions
problem reads: Find u € W,” () such that

a(u,v) = J fv  WweWw,"(Q),
0
where for all v, w € Wy”(Q),

a(w,v) = fﬂ o(-,Vw) - V.

Proposition. (Well-posedness and a priori bound)

There exists a unique solution u € W,”(Q) to the weak formulation.
Additionally, the following a priori bound hold:

IVl s < C(osm, Il oy 18l (755 o) -
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3. Discretization with the HHO method
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Mesh and notations

A polytopal mesh of Q is a couple M,, == (T, F1,) where
> T, contains polytopal elements T with diameter iy,
» JF, contains hyperplanar faces F with diameter /.,
» Urer, T = Q, max hy = h, plus some geometrical requirements

Subsets of Fj;:
» Fp={FeF, : Fcd},
» Fr={FeJF, : FcoT}forall T eT,.
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Discrete spaces and notations

Let k = 0 be the polynomial degree of the HHO method.

» Forall T € T, we define the discrete local space:

Uk = PY(T) (HW )

FeFr

We use the discrete notation v, == (vr, (vi)rer,) € Uk.

» We define the discrete global space:

= [T ui-

TeTs

We use the discrete notation v, = (v;)7e7; € Up.

» We define the interpolation operator If : W"1(Q) — U s.t.

IIEV = (WI}V\N (Wév\p)Fe}})TGﬁ-
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Spaces and norms of discrete unknowns

The discrete space containing potential unknowns is defined by
Uho=A{v,eU; : vv =0 YFeFp}.

We endow Uj , with the norm |-||1 ,,, defined s.t. for all v, € U} ,

lvally pn = Z <|VVT|Z;(T)d + Z hy P v — VT|Z7(F)> :

TeT, FeFr
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Discrete operators

For all T € 7, we define:

» The local gradient reconstruction Gk : UX — P¥(T)? s.t. for all
ZT € Q];‘s

J;GI}XT ST = fT Vvr-T+ 2 L(VF —vr)(T-ngr) VT e PYT)

FeFr

» The local potential reconstruction th! : UX — PH1(T) st

J- (Vs v, —Ghvy) - Vw=0  vwePHYT),
T

o
Ir]; KT—JVT
T T

» The boundary residual operator A%, : U — 17(0T) s.t. for all
XT € Q]]("s

1
(Abpvp)), = i [7f (5 vy — vi) — (5 vy — vr) ] VF € Fr.
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Discrete weak formulation

The discrete weak formulation reads: Find (u,,, ps) € Q’,;o x Pk s.t.
ay(uy, vy) = f fww Yy, eUy,
Q
where, for all w,, v, € U¥,

an(wy, 1) = ) (LG(wG’mr) ~G’}ZT+hTJ

k k
Sr(, AaTET) A6T2T> )
TeT oT

and where for all T € T, Sy is a local stabilization function satisfying
an assumption similar to that of o.

17/31



Assumptions on sy

Assumption. (Stabilization functions)

There exists ¢ € L7 (0 My; [0, +0)), where OM,, == (g, F, such that
forall T € 7;:

» Sy : 0T x R — R is measurable.
> Sr(x,0) =0fora.e. x € Q.

» Forallv,we R and a.e. x € 0T,

15706, w) — S7(6,v)| < one (C)” + [wl? + [v]P) T [w — ],

(Sr(x,w) = Sr(x,v)) (w = ¥) 2 o (C(x)? + [l + )T [w — v

Stabilization functions that match the above assumption can be
obtained setting for all T € Ty,

p—2

Sr(x,w) = ()P + W) w  VYweR, ae xe.
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Well-posedness and a priori bound

Lemma. (Strong monotonicity of a;)

For all v,, w, € Ut, setting ¢, == v, — w,,

2-p
— P
3 i < 7ot (16000 + 0 onayy + 10l Il )

x (an(vy, €) — an(wy, €))

el

Theorem. (Well-posedness and a priori bound)

There exists a unique solution u, € g’,‘,’o to the discrete weak formu-
lation. Additionally, the following a priori bound hold:

HﬂhHI,p,h < C(Usma “fHU’(Q)’ ”6HLP(77,)7 HC”I}’(BM;,)v Q,P) .
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Error estimate

Theorem. (Error estimate)

Letue Wy”(Q) and u, € Qﬁ,o solve the continuous and discrete weak
formulations, respectively. Assume

> ue Wk2r (),
> (-, Vu) e W' (Q)4 n WEL ()4,
Then, setting e, = u;, — Ifu, we have

1

_ ~1), e ak
|gh||1,p,h<h"“cl+[2 [min (s 17RO D o | ] &
TeTy,

where C;, C; € [0, +o0) depends only on u,f, o, and where
_1 _
Nr = hl}+l(|T| p|”|W"+2»P(T))©T1

with ©7 := min (essTinf (6 + |Vul|) ;essa}nf §> .
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Local convergence rates

For any T e 7,, we define the local convergence rate O% and
determines it among 3 cases according to ny:

> If nr = 1 (degenerate case), then
Or=(k+1D(p—1).
> 1f nr < BN (IT| 77 Julwas2o(ry) (non-degenerate case), then
Oh =k+1.

» Otherwise,
Oke((k+1)(p—1),k+1).

The non-degenerate case is equivalent to ©; > 1. Moreover, we can
choose ¢ > 1, so the non-degenerate case corresponds to

essTinf (0 +|Vul) = 1.
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Global convergence rates

The global convergence rate is naturally (’)’,; = minze7; O%. We can
have an analogous disjunction of cases by defining n, = maxyze7; nr:

> If g, = 1 (degenerate case), then
Of = (k+1)(p—1).
> If gy < K ulyasan(7;) (NON-degenerate case), then
Of =k+1.

» Otherwise,
Ofe((k+1)(p—1),k+1).

As at the local level, the non-degenerate case is equivalent to

essﬂinf (0 +|Vu|) = 1.
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4. Numerical results
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Numerical results

» We consider 2 = (0, 1)? and a triangular mesh family.

» We choose the following Carreau-Yasuda flux function:
ox,7) = (6x)+ Ty vreR? ae.xeQ,

If 6 = 0a.e. in Q, then o becomes the p-Laplace function.

> The force term f is given by u and o.
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Non-degenerate flux

We consider § € {1, 10~} and define the potential such that
u(x,y) = sin (mx) sin (wy)  ¥(x,y) € Q.
We have 7, ~ K12 7k)5- 1

The convergence rate should switches from (k+ 1)(p — 1) to (k+ 1)
as h is small enough compared to 6.
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Non-degenerate potential

We set § = 0 and we define the potential such that

We have essinfq (6 + |Vu|) = 1, so we should observe a constant

convergence rate of (k + 1).

u(x,y) = sin (7x) sin (wy) + (7 + 1)(x +y)

V(x,y) € Q.
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Non-degenerate flux-potential couple

The potential is defined such that
u(x,y) = sin (mx) sin (wy)  V(x,y) € Q.
Let (x;);1<i<s5 be the points where Vu vanishes, we set

5
1
0x) = Y A<ty oxp (1 - m) Vx e Q.
i=1 i

We infer essinfq (6 + |Vu|) = 1 which infer a (k + 1) convergence rate.
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Degenerate problem

We set § = 0 and we choose the following potential:

1
u(x,y) = 1o &P (—10 (|x—0.5|p+# + |y—0.5|p+¥)) V(x,y) € .

We have essinfq (6 + |Vu|) = 0, so 7, = +oo and the order of
convergence expected is (k + 1)(p — 1).
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Conclusion

Conclusion:

» We have presented and analysed a Hybrid High-Order scheme
of arbitrary order k, for a non-linear model that generalises the
p-Laplace equation with p € (1,2].

» For a degenerate model we recover the known rates of
convergence in (k+ 1)(p — 1), except when p is small where the
convergence appears to be faster than expected. Very recently,
[2] proved convergence in .

» An optimal rate of (k + 1), identical to the rate for linear models,
is obtained when the model is not degenerate.

» These regimes are driven by a dimensionless number, and
intermediate regimes are also identified.
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