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The Hybrid High-Order method

Hybrid High-Order

Hybrid: two kinds of unknowns located on the mesh and its skeleton.

High-Order: the unknowns live in broken polynomial spaces of
degree k P N.
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General features

This approach possesses several attractive features:

§ Arbitrary approximation order (k ě 0).

§ Formulation valid for arbitrary space dimension.

§ Seamless treatment of nonconforming mesh refinement.

§ Moderate computational costs thanks to static condensation.

§ Inf-sup stable discretizations.
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The Leray–Lions problem

Let Ω Ă Rd, d P N˚, denote a bounded, connected polytopal open set
with Lipschitz boundary BΩ.
The Leray–Lions problem reads: Find u : Ω Ñ R such that

´∇¨ σp¨,∇uq “ f in Ω,

u “ 0 on BΩ,

where,

§ u : Ω Ñ R is the potential,

§ f : Ω Ñ R is a volumetric force term,

§ σ : Ωˆ Rd Ñ Rd is the flux function.

Applications: glaciology, airfoil design, turbulent porous media
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Assumptions on the flux function σ

Assumption. (Flux function)

There exists p P p1, 2s such that:

§ σ : Ωˆ Rd Ñ Rd is measurable.

§ σp¨, 0q P Lp1pΩqd a.e. in Ω where p1 – p
p´1 .

§ There is δ P LppΩ, r0,`8qq and σhc, σsm P p0,`8q such that

|σpx, τ q ´ σpx,ηq| ď σhc pδpxqp ` |τ |p ` |η|pq
p´2

p |τ ´ η|,

pσpx, τ q ´ σpx,ηqq :pτ ´ ηq ě σsm pδpxqp ` |τ |p ` |η|pq
p´2

p |τ ´ η|2,

for all τ ,η P Rd and a.e. x P Ω.
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Examples of flux function

The following flux functions satisfy the previous assumption:

§ The p-Laplace function s.t. for all τ P Rd and a.e. x P Ω,

σpx, τ q “ |τ |p´2τ .

§ The Carreau-Yasuda function s.t. for all τ P Rd and a.e. x P Ω,

σpx, τ q “ µpxq
´

δpxqapxq ` |τ |apxq
¯

p´2
apxq

τ ,

where µ : Ω Ñ rµ´, µ`s and a : Ω Ñ ra´, a`s are measurable
functions with µ´, µ`, a´, a` P p0,`8q.
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Weak formulation

Assuming f P Lp1pΩq, the weak formulation of the Leray–Lions
problem reads: Find u P W1,p

0 pΩq such that

apu, vq “
ż

Ω

f v @v P W1,p
0 pΩq,

where for all v,w P W1,p
0 pΩq,

apw, vq–
ż

Ω

σp¨,∇wq ¨∇v.

Proposition. (Well-posedness and a priori bound)

There exists a unique solution u P W1,p
0 pΩq to the weak formulation.

Additionally, the following a priori bound hold:

}∇u}LppΩqd ď C
´

σsm, }f }Lp1 pΩq, }δ}LppThq
,Ω, p

¯

.
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Mesh and notations
A polytopal mesh of Ω is a couple Mh – pTh,Fhq where

§ Th contains polytopal elements T with diameter hT ,
§ Fh contains hyperplanar faces F with diameter hF,
§

Ť

TPTh
T “ Ω, max

TPTh
hT “ h, plus some geometrical requirements

Subsets of Fh:
§ Fb

h – tF P Fh : F Ă BΩu,
§ FT – tF P Fh : F Ă BTu for all T P Th.
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Discrete spaces and notations

Let k ě 0 be the polynomial degree of the HHO method.

§ For all T P Th, we define the discrete local space:

Uk
T – PkpTq ˆ

˜

ź

FPFT

PkpFq

¸

.

We use the discrete notation vT – pvT , pvFqFPFT q P Uk
T .

§ We define the discrete global space:

Uk
h –

ź

TPTh

Uk
T .

We use the discrete notation vh – pvTqTPTh P Uk
h.

§ We define the interpolation operator Ik
h : W1,1pΩq Ñ Uk

h s.t.

Ik
hv :“ pπk

Tv|T , pπ
k
Fv|F qFPFT qTPTh .
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Spaces and norms of discrete unknowns

The discrete space containing potential unknowns is defined by

Uk
h,0 –

 

vh P Uk
h : vF “ 0 @F P Fb

h

(

.

We endow Uk
h,0 with the norm }¨}1,p,h defined s.t. for all vh P Uk

h,0,

}vh}
p
1,p,h –

ÿ

TPTh

˜

}∇vT}
p
LppTqd `

ÿ

FPFT

h1´p
F }vF ´ vT}

p
LppFq

¸

.
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Discrete operators

For all T P Th, we define:
§ The local gradient reconstruction Gk

T : Uk
T ÝÑ PkpTqd s.t. for all

vT P Uk
T ,

ż

T
Gk

TvT ¨ τ “

ż

T
∇vT ¨ τ `

ÿ

FPFT

ż

F
pvF ´ vTqpτ ¨ nTFq @τ P PkpTqd.

§ The local potential reconstruction rk`1
T : Uk

T ÝÑ Pk`1pTq s.t.
ż

T
p∇rk`1

T vT ´Gk
TvTq ¨∇w “ 0 @w P Pk`1pTq,

ż

T
rk`1
T vT “

ż

T
vT .

§ The boundary residual operator ∆k
BT : Uk

T Ñ LppBTq s.t. for all
vT P Uk

T ,

p∆k
BTvTq|F –

1
hT

“

πk
Fpr

k`1
T vT ´ vFq ´ π

k
Tpr

k`1
T vT ´ vTq

‰

@F P FT .
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Discrete weak formulation

The discrete weak formulation reads: Find puh, phq P Uk
h,0 ˆ Pk

h s.t.

ahpuh, vhq “

ż

Ω

f vh @vh P Uk
h,0,

where, for all wh, vh P Uk
h,

ahpwh, vhq–
ÿ

TPTh

ˆ
ż

T
σp¨,Gk

TwTq ¨G
k
TvT ` hT

ż

BT
STp¨,∆

k
BTwTq ∆k

BTvT

˙

,

and where for all T P Th, ST is a local stabilization function satisfying
an assumption similar to that of σ.
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Assumptions on sT

Assumption. (Stabilization functions)

There exists ζ P LppBMh; r0,`8qq, where BMh –
Ť

FPFh
F, such that

for all T P Th:

§ ST : BT ˆ RÑ R is measurable.

§ STpx, 0q “ 0 for a.e. x P Ω.

§ For all v,w P R and a.e. x P BT,

|STpx,wq ´ STpx, vq| À σhc pζpxqp ` |w|p ` |v|pq
p´2

p |w´ v|,

pSTpx,wq ´ STpx, vqq pw´ vq Á σsm pζpxqp ` |w|p ` |v|pq
p´2

p |w´ v|2.

Stabilization functions that match the above assumption can be
obtained setting for all T P Th,

STpx,wq “ pζpxqp ` |w|pq
p´2

p w @w P R, a.e. x P Ω.
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Well-posedness and a priori bound

Lemma. (Strong monotonicity of ah)

For all vh,wh P Uk
h, setting eh – vh ´ wh,

}eh}
2
1,p,h À σ´1

sm

´

}δ}p
LppΩq` }ζ}

p
LppBMhq

` }vh}
p
1,p,h` }wh}

p
1,p,h

¯

2´p
p

ˆ pahpvh, ehq ´ ahpwh, ehqq

Theorem. (Well-posedness and a priori bound)

There exists a unique solution uh P Uk
h,0 to the discrete weak formu-

lation. Additionally, the following a priori bound hold:

}uh}1,p,h ď C
´

σsm, }f }Lp1 pΩq, }δ}LppThq
, }ζ}LppBMhq

,Ω, p
¯

.
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Error estimate

Theorem. (Error estimate)

Let u P W1,p
0 pΩq and uh P Uk

h,0 solve the continuous and discrete weak
formulations, respectively. Assume

§ u P Wk`2,ppThq,
§ σp¨,∇uq P W1,p1pΩqd XWk`1,p1pThq

d.

Then, setting eh – uh ´ Ik
hu, we have

}eh}1,p,h ď hk`1C1`

«

ÿ

TPTh

”

min pηT ; 1q2´phpk`1qpp´1q
T |u|p´1

Wk`2,ppTq

ıp1
ff

1
p1

C2,

where C1,C2 P r0,`8q depends only on u, f ,σ, and where

ηT – hk`1
T

`

|T|´
1
p |u|Wk`2,ppTq

˘

D´1
T

with DT – min

ˆ

ess inf
T

pδ ` |∇u|q ; ess inf
BT

ζ

˙

.
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Local convergence rates

For any T P Th, we define the local convergence rate Ok
T and

determines it among 3 cases according to ηT :

§ If ηT ě 1 (degenerate case), then

Ok
T “ pk ` 1qpp´ 1q.

§ If ηT ď hk`1
T

`

|T|´
1
p |u|Wk`2,ppTq

˘

(non-degenerate case), then

Ok
T “ k ` 1.

§ Otherwise,
Ok

T P ppk ` 1qpp´ 1q, k ` 1q.

The non-degenerate case is equivalent to DT ě 1. Moreover, we can
choose ζ ě 1, so the non-degenerate case corresponds to

ess inf
T

pδ ` |∇u|q ě 1.
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Global convergence rates

The global convergence rate is naturally Ok
h – minTPTh Ok

T . We can
have an analogous disjunction of cases by defining ηh “ maxTPTh ηT :

§ If ηh ě 1 (degenerate case), then

Ok
h “ pk ` 1qpp´ 1q.

§ If ηh ď hk`1|u|Wk`2,ppThq (non-degenerate case), then

Ok
h “ k ` 1.

§ Otherwise,
Ok

h P ppk ` 1qpp´ 1q, k ` 1q.

As at the local level, the non-degenerate case is equivalent to

ess inf
Ω

pδ ` |∇u|q ě 1.
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Numerical results

§ We consider Ω “ p0, 1q2 and a triangular mesh family.

§ We choose the following Carreau-Yasuda flux function:

σpx, τ q “ pδpxq ` |τ |qp´2τ @τ P R2 a.e. x P Ω,

If δ “ 0 a.e. in Ω, then σ becomes the p-Laplace function.

§ The force term f is given by u and σ.
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Non-degenerate flux

We consider δ P t1, 10´2u and define the potential such that

upx, yq “ sin pπxq sin pπyq @px, yq P Ω.

We have ηh » hk`1p2
k´1

2 πkqδ´1.

The convergence rate should switches from pk ` 1qpp´ 1q to pk ` 1q
as h is small enough compared to δ.
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Non-degenerate flux

We consider δ P t1, 10´2u and define the potential such that

upx, yq “ sin pπxq sin pπyq @px, yq P Ω.

We have ηh » hk`1p2
k´1

2 πkqδ´1.

The convergence rate should switches from pk ` 1qpp´ 1q to pk ` 1q
as h is small enough compared to δ.
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Non-degenerate potential

We set δ “ 0 and we define the potential such that

upx, yq “ sin pπxq sin pπyq ` pπ ` 1qpx` yq @px, yq P Ω.

We have ess infΩ pδ ` |∇u|q “ 1, so we should observe a constant
convergence rate of pk ` 1q.
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Non-degenerate flux-potential couple

The potential is defined such that

upx, yq “ sin pπxq sin pπyq @px, yq P Ω.

Let pxiq1ďiď5 be the points where ∇u vanishes, we set

δpxq “
5
ÿ

i“1

1t|x´xi|ă
1
5 u

exp

ˆ

1´
1

1´ 25|x´ xi|
2

˙

@x P Ω.

We infer ess infΩ pδ ` |∇u|q “ 1 which infer a pk` 1q convergence rate.
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Degenerate problem

We set δ “ 0 and we choose the following potential:

upx, yq “
1
10

exp
´

´10
´

|x´ 0.5|p`
k`2

4 ` |y´ 0.5|p`
k`2

4

¯¯

@px, yq P Ω.

We have ess infΩ pδ ` |∇u|q “ 0, so ηh “ `8 and the order of
convergence expected is pk ` 1qpp´ 1q.
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Conclusion

Conclusion:
§ We have presented and analysed a Hybrid High-Order scheme

of arbitrary order k, for a non-linear model that generalises the
p-Laplace equation with p P p1, 2s.

§ For a degenerate model we recover the known rates of
convergence in pk ` 1qpp´ 1q, except when p is small where the
convergence appears to be faster than expected. Very recently,
[2] proved convergence in k`1

3´p .

§ An optimal rate of pk ` 1q, identical to the rate for linear models,
is obtained when the model is not degenerate.

§ These regimes are driven by a dimensionless number, and
intermediate regimes are also identified.
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Thank you for your attention!
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